Abstract. A quadratic polynomial Φ a,b,c px, y, zq " xpax`1q`ypby`1qz pcz`1q is called universal if the diophantine equation Φ a,b,c px, y, zq " n has an integer solution x, y, z for any non negative integer n. In this article, we show that if pa, b, cq " p2, 2, 6q, p2, 3, 5q or p2, 3, 7q, then Φ a,b,c px, y, zq is universal. These were conjectured by Sun in [6] .
introduction
A triangular number is a number represented as dots or pebbles arranged in the shape of an equilateral triangle. More precisely, the n-th triangular number is defined by T n " npn`1q 2 for any non negative integer n. In 1796, Gauss proved that every positive integer can be expressed as a sum of three triangular numbers, which was first asserted by Fermat in 1638. This follows from the Gauss-Legendre theorem, which states that every positive integer which is not of the form 4 k p8l`7q with non negative integers k and l, is a sum of three squares of integers.
In general, a ternary sum aT x`b T y`c T z pa, b, c ą 0q of triangular numbers is called universal if for any non negative integer n, the diophantine equation aT x`b T y`c T z " n has an integer solution x, y, z. In 1862, Liouville generalized the Gauss' triangular theorem by proving that a ternary sum aT x`b T y`c T z of triangular numbers is universal if and only if pa, b, cq is one of the following triples: p1, 1, 1q, p1, 1, 2q, p1, 1, 4q, p1, 1, 5q, p1, 2, 2q, p1, 2, 3q, p1, 2, 4q.
has an integer solution for any non negative integer n. He showed that if Φ a,b,c px, y, zq is universal, then pa, b, cq is one of the following 17 triples: p1, 1, 2q, p1, 2, 2q, p1, 2, 3q, p1, 2, 4q, p1, 2, 5q, p2, 2, 2q, p2, 2, 3q, p2, 2, 4q, p2, 2, 5q, p2, 2, 6q, p2, 3, 3q, p2, 3, 4q, p2, 3, 5q, p2, 3, 7q, p2, 3, 8q, p2, 3, 9q, p2, 3, 10q
and proved the universalities of some candidates. In fact, the universality of each ternary sum of triangular numbers was proved except the following 6 triples:
(1.1) (2,2,6), (2, 3, 5) , (2,3,7), p2, 3, 8q, p2, 3, 9q, p2, 3, 10q.
He also conjectured that for each of these six triples, Φ a,b,c px, y, zq is universal.
In this article, we prove that if pa, b, cq is one of the triples written in boldface in the above candidates, then Φ a,b,c px, y, zq is, in fact, universal. To prove the universality, we use the method developed in [4] . We briefly review this method in Section 2 for those who are unfamiliar with it.
Let f be a positive definite integral ternary quadratic form. A symmetric matrix corresponding to f is denoted by M f . For a diagonal form f px, y, zq " a 1 x 2`a 2 y 2à 3 z 2 , we simply write M f " xa 1 , a 2 , a 3 y. The genus of f is the set of all integral forms that are locally isometric to f , which is denoted by genpf q. The set of all integers that are represented by the genus of f (f itself) is denoted by Qpgenpf(Qpf q, respectively). For an integer a, we define Rpa, f q " tpx, y, zq P Z 3 : f px, y, zq " au and rpa, f q " |Rpa, f q|.
For a set S, we define˘S " ts : s P S or´s P Su. Any unexplained notations and terminologies can be found in [2] or [5] .
General tools
Let a ď b ď c be positive integers. Recall that a ternary sum Φ a,b,c px, y, zq " xpax`1q`ypby`1q`zpcz`1q is said to be universal if the equation Φ a,b,c px, y, zq " n has an integer solution for any non negative integer n. Note that Φ a,b,c px, y, zq is universal if and only if the equation
has an integer solution for any non negative integer n. This is equivalent to the existence of an integer solution X, Y and Z of the diophantine equation
satisfying the following congruence condition X " 1 pmod 2aq, Y " 1 pmod 2bq and Z " 1 pmod 2cq.
In some particular cases, representations of quadratic forms with some congruence condition corresponds to representations of a subform which is suitably taken (for details, see [1] ).
For the representation of an arithmetic progression by a ternary quadratic form, we use the method developed in [1] , [3] and [4] . We briefly introduce this method for those who are unfamiliar with it.
Let d be a positive integer and let a be a non negative integer pa ď dq. We define
For integral ternary quadratic forms f, g, we define
A coset (or, a vector in the coset) v P Rpg, d, aq is said to be good with respect to f, g, d and a if there is a T P Rpf, g, dq such that
Note that the converse is not true in general.
Theorem 2.1. Under the same notations given above, assume that there is a partition
and for each r P j , there is a r
Then we have
where the vector z i is a primitive eigenvector of T i and S is the set of squares of integers.
Proof. See Theorem 2.3 in [1] .
3. Universality of xpax`1q`ypby`1q`zpcz`1q
In this section, we prove that if pa, b, cq " p2, 2, 6q, p2, 3, 5q or p2, 3, 7q, then Φ a,b,c px, y, zq is universal. For the list of all candidates, see (1.1) in the introduction.
Lemma 3.1. For any positive integer n, there are integers a, b and c such that a 2`3 b 2`3 c 2 " 24n`7 and a " b " c pmod 4q, whereas a ı b pmod 8q or a ı c pmod 8q.
Proof. Since the class number of f px, y, zq " x 2`3 px´4yq 2`3 px´4zq 2 is one and S 24,7 Ă Qpgenpf qq, there is an integer solution
Note that the genus of g consists of Furthermore, one may easily show by using the Minkowski-Siegel formula that rp24n`7, f q " rp24n`7, genpf" 4rp24n`7, genpgqq, where rp24n`7, genpgqq " 1 4 rp24n`7, gq`1 4 rp24n`7, M 2 q`1 2 rp24n`7, M 3 q.
Therefore we have rp24n`7, f q´rp24n`7, gq " rp24n`7, M 2 q`2rp24n`7, M 3 q.
Hence it suffices to show that every integer of the form 24n`7 that is represented by g is also represented by M 2 or M 3 . One may show by a direct computation that
. Since P 1 and T 1 satisfy all conditions in Theorem 2.1,
Assume that 24n`7 " 7t 2 for some positive integer t. Then t has a prime divisor p greater than 3. Since g represents 7, 24n`7 " 7t 2 is represented by M 2 or M 3 by Lemma 2.4 of [1] . Therefore we have rp24n`7, M 2 q`2rp24n`7, M 3 q ą 0 for any positive integer n, which completes the proof. Theorem 3.2. The ternary sum xp2x`1q`yp2y`1q`zp6z`1q is universal.
Proof. It suffices to show that for any positive integer n, 3p4x`1q 2`3 p4y`1q
has an integer solution x, y, z. By Lemma 3.1, there is an integer a, b, c such that
24n`7, a " b " c pmod 4q and a ı b pmod 8q.
By changing signs suitably, we may assume that a " b " c " 1 pmod 4q. If a " 1 pmod 3q, then everything is trivial. Assume that a " 2 pmod 3q. In this case, note thatˆa´3
and a´3b 2 " 1 pmod 3q and a´3b 2 " 1 pmod 4q.
The theorem follows directly from this.
Theorem 3.3. The ternary sum xp2x`1q`yp3y`1q`zp5z`1q is universal.
Proof. Let f px, y, zq " 6x 2`1 0p2y`zq 2`1 5z 2 . We show that every integer of the form 40n`31 for some positive integer n is represented by f . Note that the genus of f consists of p1,˘7, 10q,˘p1,˘7, 30q,˘p1,˘13, 0q,˘p1,˘13, 20q, p9,˘3, 0q,˘p9,˘3, 20q,˘p9,˘17, 10q,˘p9,˘17, 30q, p11,˘3, 10q,˘p11,˘3, 30q,˘p11,˘17, 0q,˘p11,˘17, 20q, p19,˘7, 0q,˘p19,˘7, 20q,˘p19,˘13, 10q,˘p19,˘13, 30q. Now, we define a partition of RpM 2 , 40, 31q´R f pM 2 , 40, 31q as follows:
and we also define
.
Then one may easily show that it satisfies all conditions in Theorem 2.1. Note that the eigenvector of T 1 is p´3, 1, 0q and 120n`31 is not of the form 39t 2 for any positive integer t. Therefore for any non negative integer n, the equation f px, y, zq " 120n`31 has an integer solution px, y, zq " pa, b, cq. Since a " 2b`c " c " 1 pmod 2q, 2b`c ı 0 pmod 3q and a "˘1 pmod 5q, the equation 15p4x`1q 2`1 0p6y`1q 2`6 p10z`1q 2 " 120n`31
has an integer solution for any non negative integer n. This completes the proof.
Theorem 3.4. The ternary sum xp2x`1q`yp3y`1q`zp7z`1q is universal.
Proof. Let f px, y, zq " 6x 2`1 4y 2`2 1z 2 . We show that every integer of the form 21n`20 for some positive integer n is represented by f . Note that the genus of f consists of
, and M 3 " x3, 14, 42y.
Note also that S 21,20 Ă Qpgenpf qq. One may easily show by a direct computation that M 3 ă 21,20 M 2 . Hence it suffices to show that every integer of the form 21n`20 that is represented by M 2 is also represented by f .
One may show by a direct computation that the set RpM 2 , 21, 20q´R f pM 2 , 21, 20q consists of 52 vectors, which is the union of the following sets:
, 0q, p0, 10, 0qu, P 3 "˘tp3, 2, 0q, p3, 16, 0qu, P 4 "˘tp2, 0, 0q, p5, 0, 0qu, r P 1 "˘tp6, 9, 10q, p6, 9, 17qu, r P 2 "˘tp2, 19, 19q, p5, 16, 16qu, r P 3 "˘tp2, 13, 4q, p5, 1, 10qu, r P 4 "˘tp2, 1, 10q, p5, 13, 4qu, r P 5 "˘tp3, 7, 12q, p3, 14, 12qu, r P 6 "˘tp6, 5, 12q, p6, 19, 12qu, r P 7 "˘tp3, 0, 5q, p3, 0, 19qu, r P 8 "˘tp1, 2, 2q, p8, 16, 16qu, r P 9 "˘tp9, 9, 10q, p9, 9, 17qu.
We also define Note that for any i " 1, 2, . . . , 9,
Let G " R f pM 2 , 21, 20q, which is the set of good vectors. For any i, let Q i be the set P k or r P s for some k or s. Let U (and V ) be an integral matrix T k or 21 2 T´1 s for some k or s. For any vector v P Z 3 such that v pmod 21q P Q 1 , if
We also use the notation
Here B stands for the set of vectors of the form
Now, one may show by direct computations that
As a sample of the above computations, assume that v " p21x, 21y, 21z`2q for some integers x, y, z. Note that v pmod 21q P P 1 and
For any integers x, y, z, the vector w pmod 21q is contained in G or w pmod 21q " p16, 20, 11q or w pmod 21q " p19, 2, 2q.
If w pmod 21q " p16, 20, 11q, then there are some integers a, b such that px, y, zq " p18`3a, a, bq. Hence w " p´236´63a´21b,´106´21a`21b, 74`21bq. Now, one may show by a direct computation that 1 21¨w
If w pmod 21q " p19, 2, 2q, then there are some integers c, d such that px, y, zq " p3c, c, dq. Hence w " p´63c´21d´2,´21c`21d`2, 21d`2q. Now, one may show by a direct computation that 1 21¨w T t 2 pmod 21q P G or 1 21¨w T t 2 pmod 21q " p19, 2, 2q P r P 2 .
Note that the order of each T 4 T 3 T 2 T 1 , T 5 , T 8 T 7 and T 9 is infinite. Therefore, though the situation is slightly different from Theorem 2.1, we may still apply it to this case. The primitive integral eigenvectors of these four matrices are p0, 0, 1q, p0, 1, 0q, p3, 2, 0q and p1, 0, 0q, respectively. Therefore if 168n`41 is not of the form 17t 2 for some positive integer t, then 168n`41 is represented by f . Assume that 168n`41 " 17t 2 for some positive integer t. Then t has a prime divisor relatively prime to 2¨3¨7. Since M 2 , M 3 P spnpf q, and both M 2 and M 3 represent 17, f represents 17t 2 by Lemma 2.4 of [1] . Therefore the equation f px, y, zq " 168n`41 has an integer solution a, b, c for any non negative integer n. Since a " b " c " 1 pmod 2q, b ı 0 pmod 3q and a "˘1 pmod 7q, the equation 21p4x`1q 2`1 4p6y`1q 2`6 p14z`1q 2 " 168n`41
